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Résumé — Patients affected by a pathological tremor, at the level of their upper limbs, face an abnormal
involuntary movement disorders. Until now, no medication is found to cure the disease and control the
tremor completely. In this paper, a non-linear energy sink with a non-smooth function is suggested as
a mechanical solution to control the tremor. The proposed design procedure is based on the detection
of fast and slow dynamics of the system. Analytical developments are compared with numerical results
showing that analytical tests can be used to predict the response of the system.
Mots clés — Essential tremor, passive control, non-smooth absorber.

1 Introduction

Patients with pathological tremor suffer from an involuntary tremor which results from antagonistic
muscle contractions [1]. It can affect different body parts, like upper limbs, legs, and/or trunk, etc. Patho-
logical tremor can be categorized into rest tremor (RT), postural tremor (PT), and kinetic tremor (KT),
where patients can have one or several types of tremors. Involuntary tremor presented in fully supported
upper limbs, with no voluntary muscle contraction, is referred as the RT and characterized by a frequency
range of 3-7 Hz [2]. PT refers to upper limbs maintained voluntarily at a specific position against gravity,
and it is characterized by frequencies that lies between 5-12 Hz [2]. KT represents more daily tasks and
appears with any voluntary movement, its frequency range is 3-10 Hz [3]. Parkinson disease (PD) is
related to the RT and PT, whereas essential tremor (ET) is a bilateral of PT and KT.

ET can lead patients to become socially isolated, since they will feel embarrassed to face people due
to difficulties in performing the daily life tasks, like eating, drinking, and writing, etc. Medications used
to deal with such a problem can decrease the tremor progress for a period of time, but can not treat the
disease. In addition, the given doses of medication will be gradually increased over time and can cause
addiction [4]. On the other hand, some patients might not respond to these medications, so the brain
stereotactic surgery, like the deep brain stimulation (DBS), can be applied.

Medications and surgical treatments can deteriorate the life quality of the patients and lead to severe
side effects. Research studies shifts to the mechanical solution, using vibration controllers, to reduce the
tremor vibrational movement visualized at the upper limbs of the patients. In the patent of Rosan [5], he
suggested the use of active systems to control the pathological tremor and avoid medications. A chamber
including viscous fluid is used to provide a linear velocity-dependent force based on rotation-sensing
actuators and a generation of electrical signals. This device was used to mitigate the tremor in four di-
rections, three translational and one rotational movement. Active controllers use feedback information
of the sensors and provide an instantaneous tremulous control force. Several researchers tried to develop
in the active type of tremor controllers without reaching a high level of vibration reduction [6]. Howe-
ver, the main problem remains that the active controllers has stability problems and complex design, in
addition to the high activation power requirements.

Passive vibration controllers can be interesting due to the simplicity in their design with no power
requirements for operation. Hashemi et al. [7] suggested the replacement of active by passive linear
controller to reduce the RT for patients with PD. A tuned vibration absorber of 130 g mass is used to
reduce the flexion-extension angular displacement response of a two degrees-of-freedom (DOF) upper
limb modelled in the horizontal plane, where the numerical and experimental results show to be qualita-
tively similar. Gebai at el. [8] used three tuned mass dampers (TMD) of 15.7% total mass ratio to reduce
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the PT of a patient with ET. The effectiveness of this TMD-system, in the tuned and optimized cases, is
tested on an experimental-arm excited by Electromyography signal of an affected patient. The proposed
passive linear controller causes a significant reduction in the amplitude of the system at the dominant
peak frequency. However, the TMDs causes an amplification in the amplitude of the system at a new
frequency referred to the coupled system (experimental-arm with TMDs). The main disadvantage of the
passive linear controllers is their sensitivity to changes in tremor frequencies and the narrow operational
bandwidth, in addition to loading the system. Developments are required in the passive linear controller
since the tremor frequency is investigated to shift within a range of 1 Hz wide [9].

Ture Savadkoohi et al. [10] proposed the use of passive non-linear absorbers as a solution to provide
a tremor amplitude reduction at the upper limbs of patients with ET over a wide frequency bandwidth.
The non-linear energy sink (NES) [11] of a cubic restoring forcing function is attached to a dynamic
model of the upper limb, and its parameters are designed based on the time multiple scale method that
leads to the detection of the fast and slow dynamics of the system. The NES of light mass was able
to control the diverging response of the undamaped main system. In this paper, a NES of non-smooth
function (piece-wise linear) is used, due to the existence of a gravitational field in the main system which
is modelled as two links oscillating in the vertical plane, to obtain a better controllability results.

2 Non-linear dynamics

2.1 Modelled system

The upper limb of a human is modelled dynamically as two rigid links, the upper arm and forearm
and hand as one segment, as shown in Figure 1. The mass of each segment is concentrated at the centroid
of the link. The links are connected by rotational joints that permit the flexion-extension motion in the
vertical plane. The movement of the modelled system is produced by three muscles, two signal joint
shoulder and elbow muscles, and one double joint biceps brachii muscle [12]. The resistive torque of
the muscle is produced by an elastic and viscous stiffness as provided by Jackson et al. [13]. The active
torque at both single joints are modelled as sinusoidal signals operating at a frequency corresponding
to the essential tremor of the patient suffering from the ET. It can be enough to consider an upper limb
model oscillating in one direction since the other directions of motion (pronation-supination and radial-
ulnar) represents a motion at nearly the same frequency [9]. The length, position of centroid, mass, and
mass moment of inertia of each segment can be modelled as a percentage of the patient’s body mass
and height approximated by the equations deduced from experimental measurements by Harless [14].
The values of these parameters are shown in Table 1, where the indices 1 and 2 refers to the upper arm
and forearm, respectively. θ1 and θ2 refer to the flexion-extension angular displacement motions at the
shoulder and elbow joints, respectively, which need to be controlled by the NES of displacement u.

FIGURE 1 – Musculoskeletal upper limb model with NES attached to the forearm

The NES is added to the forearm segment at a chosen distance dN of 26.9 cm away from the elbow
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TABLE 1 – Upper limbs physical parameters indicated by Harless [14]

Mass (kg) Length (cm) Centroid (cm)
m1=2.7 l1=36.4 r1=15.5
m2=1.7 l2=50.2 r2=20.3

joint, as shown in Figure 1. It is expected to cause reduction for the angular displacements of other
directions of motion as well [15]. The general form of the governing non-linear equation of motion of
the system, derived using Lagrange formula [16], is obtained as :
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where t is the time. M = M(θ1,θ2,u,u2, t) is a 3× 3 mass moment of inertia matrix. K is a 3× 3 stiffness
matrix. C is a 3 × 3 damping matrix. G1 = G1(θ1,θ2,u, t),G2 = G2(θ1,θ2,u, t), and G3 = G3(θ1,θ2, t)
are a non-linear displacement-dependent equations resulting from the gravitational potential energy of
the system. B = B(θ1,θ2,u, θ̇1, θ̇2, u̇, t) is a 3× 3 non-linear velocity-dependent matrix resulting from the
kinetic energy of the system. F is a 3 × 1 active moment vector of the muscle. T is a 3 × 1 voluntary
torque vector exerted by the muscles of the patient to place his upper limbs in a specific postural position
θp. The restoring force function s(u) of the NES is :

s(u) =


kN(u+d) i f u <−d

0 i f −d ≤ u≤ d
kN(u−d) i f u > d

(2)

where, kN is the stiffness, and 2d is the clearance of the non-smooth NES. The viscous damping cN of
the NES is assumed to be linear.

2.2 Partially linearized equations

Equations of motion referred to the principle system without NES can be linearized using Taylor
series multivariable linearization method [17], by keeping a good agreement with the corresponding
non-linear equations [9]. The non-linearity of the NES in the global system is preserved by partially
linearizing the equations of motion in (1). The angular displacements θ1 and θ2 of the shoulder and
elbow joints are linearized around the postural positions θp1 and θp2 , respectively, by keeping u terms
unchanged. The equation of motion of the partially linearized system of (1) can be written in such a way,
so that the last equation of motion (corresponding to the NES) is separated from the first two equations
as follows :
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where ∆θ= θ−θp and ∆u= u−u0p , similarly for the velocity and acceleration terms. ∆F =F(t)−F(t =
0). The value u0p corresponds to the initial displacement of the NES due to postural position, for to the
applied T . MA = MA(θp1 ,θp2 ,u0p ,u

2
0p
,∆u,(∆u)2, t), MV = MV (θp1 ,θp2 ,∆θ2), MH = MH(θp1 ,θp2), KA =

KA(θp1 ,θp2 ,u0p ,∆θ1,∆θ2,∆u), KV =KV (θp1 ,θp2 ,∆u), KH =KH(θp1 ,θp2), and CA =CA(θp1 ,θp2 ,u0p ,∆u,∆u̇),
where MA, KA, and CA are 2 × 2 matrices, MV and KV are 2 × 1 vectors, and MH , KH , and CH are 1 × 3
vectors.
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The partially linearized equation of variables (∆θ1,∆θ2,∆u) in (3), is transformed to the modal coor-
dinates of variables (W1,W2,U), using the transformation equation :{

∆θ1
∆θ2

}
= P

{
W1
W2

}
and ∆u =U, such that P =

[
V11 V12
V21 V22

]
(4)

where P is a matrix of columns representing the eigenvectors Vi of the principle system. Some modal
matrices are defined in the modal coordinates depending on the equations of motion of the principle
system :

P−1M−1
0 ∆F = ε∆ f (5)
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1 0
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2

]
(6)

P−1M−1
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[
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]
(7)

where M0, K0, and C0 are the mass moment of inertia, stiffness, and damping matrices of the linearized
principle system, knowing that ω1 and ω2 represents its eigenfrequencies. ε is defined to be mN

m1
. Other

variables depending on parameters of NES, which can be defined are :

P−1M−1
0 s(U) = εΛ(U) (8)

k̃N = kN
mN

and cN
m1

= ελN (9)

2.3 Complexification of the system

The complex variables of Manevitch (without pre-stressing terms) [18], are introduced to the partially
linearized equations in the modal coordinates :

ϕ1eiωt = Ẇ1 + iωW1

ϕ2eiωt = Ẇ2 + iωW2

ψeiωt = U̇N + iωUN

(10)

where ω = ω1−σ1ε in the first equation, and ω = ω2−σ2ε in the second one. ω of the last equation
depends on the studies case, where resonance is assumed to occurs at the first eigenfrequency of the
system. ϕ1 = N1eiδ1 , ϕ2 = N2eiδ2 , and ψ = Nueiδu , such that N is the amplitude and δ is the phase. The
multiple scale method [19] is used to treat the system at different timescales, slow timescale τ0 = t and
fast timescale τ j = ε jt, such that j = {1,2} [20]. Different timescales are coupled using the physical
parameter ε. A Galerkin method or a truncated Fourier series (constant terms and first harmonics) [20] is
applied, to the equation of motion transformed to the modal coordinates, in order to obtain the averaged
equation.

3 Results

The averaged equation is studies at different timescales. This means that we should study the system
equations at different orders of ε. In the current work, the behaviour of the system is presented for the
fast time scale (ε0 order) of the system equations. The slow invariant manifold (SIM) is obtained as :
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where g is the gravitational acceleration of the system. G(|ψ|2)) is the averaged form of s(u) in (2) [21].
The SIM obtained from the analytical study is compared to the numerical response obtained from direct
numerical integration of the equations (3) and (4) using ode45 in Matlab.

Analytic and numerical equations are solved for the system operating at θp1 = −90◦ and θp2 =
0◦, which corresponds to u0p = 0 m. Initial conditions for the amplitude of the assigned variables of
Manevitch are N01 = 1, N02 = 1.57, and N0u = 0.0352, which corresponds to the shoulder joint, elbow
joint, and NES, respectively. These initial conditions corresponds to θ01 = −108.9◦, θ02 = 22.7◦, and
u0 = 5.3 mm, representing the initial angular displacements at the shoulder joint and elbow joint, and the
displacement of the NES in the physical coordinates. The transformation back from modal to physical
coordinates is obtained using (4). Parameters of the coupled system used for simulations are represented
in 2, in addition to the physical parameters of the principle system found in Table 1.

TABLE 2 – Coupled system parameters

ε λp1 λp2 λN k̃N 2d δ2−δ1

10−3 1 1 0.5 90 3×10−2 −Π

The response of the system in the physical coordinates obtained numerically before and after the
addition of the NES, is shown in Figure 2. Results are shown at the beginning and end of the simulation.
Although the chosen ε is very small, corresponding to a NES of mass mN = 2.1 g, the NES is efficient
in reducing the amplitude of oscillation after a period of time. The tested NES, of a mass ratio 0.055 %
(calculated relative to the total mass of the upper limb), was able to reduce the flexion-extension angular
displacement amplitude of the shoulder and elbow joints. Note that higher reduction with faster respond
can be obtained at the beginning of the simulation for a higher chosen value of ε.
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FIGURE 2 – Angular displacement signals at the shoulder and elbow joints simulated numerically with
and without NES

A comparison between numerical results and SIM is shown in Figure 3, where the initial and final po-
sition of the simulation are indicated. Results shows that the numerical result is following the SIM, which
validates our results. Further analysis should be done for the slow timescale to study the equilibrium and
singular points of the system.

4 Conclusion

A non-smooth non-linear energy sink (piece-wise linear) shows its ability to reduce the angular
displacement amplitude at the joints of the upper limbs. This non-linear passive controller is able to
operate for a very small mass added to the arm. Measurements for the tremor signals of patients with
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FIGURE 3 – Numerical results compared to the SIM

essential tremor will be provided to support this study. The controller will be designed in the form of a
wearable bracelet before it is tested on the arm of a real patient.
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